In this paper we study the bound-state energies and geometries of Ar 3 for J = 0, using the distributed Gaussian functions method that provides a configurational description of the different structures contributing to these states. Atom-atom potentials are employed and three-body long-range effects are also included in the computational treatment by adding to the sum of potentials the AxilrodTeller triple-dipole correction for the whole rotationless energy spectrum. An estimate of the total number of bound states for the Ar trimer is given. With respect to previous calculations, limited to the lower-lying states, our results show slightly larger nonadditive effects and are further able to predict the full range of the bound spectrum. Changes on the geometries of a large part of the vibrationally excited states of Ar 3 when the Axilrod-Teller term is included in the molecular potential are found by the present study.
I. INTRODUCTION
To attain accurate descriptions of their properties and an understanding of the nanoscopic behavior of atomic and molecular aggregates ͑and, ultimately, of the condensed phase of materials͒ requires a correspondingly accurate and realistic knowledge of their intermolecular forces. In particular, ensembles of variable size which are made up of fairly simple components, such as the neutral, identical rare gases ͑Rg's͒, have been for a long time the preferred testing ground for a broad variety of theoretical and computational analysis of such intermolecular forces. 1 In many of these studies the modeling of the relevant forces within the familiar approximation of a sum of potentials, i.e., the use of pairwise additivity to provide the full interaction, has been known to describe many phenomena reasonably well, although the marked improvement of experimental techniques has made apparent in several instances that the above scheme could not explain some of the observations. [2] [3] [4] The earliest attempts at explaining the discrepancies involved the inclusion of the leading component of the multipolar expansion of the thirdorder dispersion energy in order to approximate the threebody ͑3B͒ nonadditivity effects over the two-body ͑2B͒ model implicit within the sum-of-potentials approximations: it led to the now well-known Axilrod-Teller ͑AT͒ terms in the long-range region of the interaction. 5, 6 The success which may come from adding such corrections to the overall behavior of the interaction in a large aggregate of even simple, neutral Rg atoms is of course related to our capability of setting up a sort of zeroth-order description of the clusters by selecting first reliable forms of the underlying 2B forces within the aggregate. They would in turn control our capability of generating a high-quality description of the spectral structure of the system, i.e., an acceptable initial approximation to the number and location of its bound states.
The study of the effect of the 3B terms in the intermolecular potential of complexes with Rg atoms has been the subject of a great number of previous works. In particular, the inclusion of nonadditive exchange corrections was found to be needed to understand the preferred crystal structure of solid argon. 7 Theoretical calculations with the AT term added to the molecular potential explained the experimentally observed ocurrence of the so-called "magic numbers" in the distribution of masses of Xe clusters. 8 In their studies of the Ar n Br − , 9 Ar n I − , 9 and Xe n I − ͑Ref. 10͒ clusters, Neumark and co-workers found that it was necessary to include various nonadditive terms to bring the theoretical results for electron affinities and binding energies closer to the experimental observations. Furthermore, conclusive evidence on the need of 3B corrections to reproduce experimental results were found in a large series of recent simulations of thermodynamical properties in liquid Ar, [11] [12] [13] [14] Xe, [13] [14] [15] Ne, 16 and Kr. 14, [16] [17] [18] Besides the correction to the binding energies introduced by the 3B terms, one of the issues of interest is the possible influence of such terms on the structure and geometry of the Rg complexes. The largest changes with respect to the geometries which are produced by using only 2B interactions have been reported for fluids or liquids. Thus, the radial distribution function for liquid Ar ͑Ref. 11͒ and the paircorrelation function for fluid Xe ͑Ref. 15͒ and fluid Kr ͑Ref. 17͒ were found to suffer significant alterations when the AT a͒ term was included in the overall interatomic potential. These effects, however, are expected to be more important at intermediate densities where the three-atom encounters are not negligible anymore ͑as it happens at low densities͒ but the liquid structure is not as yet dominated by close-packing effects as it occurs for high densities. 11, 12 For the clusters, on the other hand, the situation seems to differ somehow and the 3B effects on the global structure of the complex are not that significant. Xu and Jager 19 attributed the lengthening of the Ne-Ne bond in the Ne 2 OCS cluster in comparison with the Ne 2 molecule to the 3B nonadditive interaction. The inclusion of the AT term to study the clusters which result from the combination of several Ar atoms with SF 6 ͑Ref. 20͒ and HF ͑Ref. 21͒ subunits did not yield relevant structural changes. For Ar trimer, the subject of the present study, information regarding the effects of 3B terms on the geometry of the system is limited to a few studies which mainly deal with either the vibrational ground state or the equilibrium configuration associated with the minimum of the potentialenergy surface ͑PES͒. Chalasinski et al., 22 in their ab initio study of the many-body dispersion interactions for Rg complexes, predicted that the 3B effect in the equilibrium equilateral triangle would lengthen the interatomic equilibrium distance in Ar 3 . Hutson and co-workers 23, 24 found only small differences between the rotational constants of the ground state for a purely 2B molecular interaction and those for a potential which also included nonadditive forces. In this sense, the effect of the AT term on the analytical expression of the centrifugal displacements for a rotating Ar 3 was considered not large enough to be taken into account when dealing with bigger Ar clusters. 25 Interestingly enough, an artificial increase of the AT term has been associated with an earlier appearance of the Ar 3 lowest-energy linear bound state. 26 An analysis of the possible influence of the AT term on the geometries associated with a broader number of vibrational bound states beyond just simply the ground state therefore constitutes an interesting task.
The aims of the present study are therefore the following: ͑i͒ to employ the argon trimer Ar 3 as a test system in order to generate its J =0 ͑rotationless͒ bound-state structures within a 2B sum-of-potentials modeling of the overall interaction, ͑ii͒ to select among the most recent pair potentials the one for which the highest level of accuracy in describing the dimer could be attained, and ͑iii͒ to show what sort of changes to the bound-state spectrum, with regard to both energies and structural configurations, are caused by the addition of 3B forces along the lines mentioned above.
The accurate evaluation of the bound states for a simple trimer cluster involving such many-electron atomic partners is, in fact, already a challenging problem in itself and therefore, in the present study, we intend to address it by employing a variational approach that uses expansions over Gaussian-type functions, the distributed Gaussian functions ͑DGF͒ approach, which has been introduced by us a while ago ͑e.g., see Refs. 27-29͒. We shall thus show in the following that, once a judicious check of the relative importance of possible linear configurations is included within the variational study, one can indeed attain rather high accuracy in reproducing the full spectrum and in deciding on a reliable way for correctly finding all the numerically converged bound states provided by the calculations.
The structure of the present paper will be the following: in Sec. II we will describe the different pairwise potentials we employed in the present work and we will briefly recall the outline of the DGF method, while Sec. III will present our results obtained first by using just the 2B forces and then by adding the 3B correction. A detailed analysis of our findings will also be given in that section, while Sec. IV will finally present our conclusions.
II. THEORETICAL APPROACH

A. The interaction forces
The PES for Ar 3 is usually described via the addition of three identical atom-atom interactions. The many-body dispersion interactions in Ar 3 have been studied, e.g., in Ref. 22 by means of a supermolecular approach; the total 3B term in the van der Waals region, when the interatomic separation is that of the equilibrium separation of the related dimer, proved to be repulsive. This meant that the 3B effect would lengthen the equilibrium distance in the ground-state equilateral trimer, but the relative magnitude of the total 3B effect versus 2B effect was limited to Ϫ3.7%. Horn et al. 30 and Cooper et al. 23 calculated the shifts in the vibrational frequencies due to the nonadditive interactions; their results are qualitatively in agreement with each other, although the frequencies themselves are not. They estimate the redshifts due to nonadditive dispersion forces to be between 0.3 and 0.6 cm −1 . In order to properly compare our results with some of the previously published data, 23, 28, [30] [31] [32] [33] we employ in the present study various different pair potentials:
͑1͒
whose parameters were taken from Ref. 31 . ͑2͒ The Morse potential ͓coming from a numerical fitting, in the region of the well, of the potential given by Aziz and Slaman for Ar-Ar ͑Ref. 34͔͒,
͑2͒
The above parameters were previously obtained in Ref.
35. ͑3͒ One more recent 2B potential based on the TangToennies ͑TT͒ model ͑Ref. 36͒,
whose parameters have been calculated in Ref. 37 .
We already employed the TT potential in our previous work on H − -doped Ar clusters. 38 The equilibrium distance and the well depth obtained by describing the Ar-Ar interaction with such a potential are in excellent agreement with the accurate ab initio calculations in Ref. 39 In Table II we compare the vibrational spacings for the lowest levels, obtained with the three potential models we employed, with the available experimental data. 44 Even though the agreement is not of the order of the spectroscopic accuracy, Table II clearly shows that a markedly better description of the Ar-Ar interaction is given by the TT model with respect to the LJ and the Morse potentials. The HFD-C and HFD-B2 potentials yield an even better agreement between the calculated spacings and the experimental data, but a worse agreement on the value of the dissociation energy from the ground vibrational state ͑with zero angular momentum͒. As we already pointed out in our work on the excited states of Ne 3 , 45 it is crucial to use accurate pair potentials whenever the excited states of a system ͑and not only the properties of its ground state͒ are sought.
As for the role of the 3B forces, the best-known contribution to them is given by the long-range AT potential, 26 which represents the triple-induced-dipole forces among the three atoms,
which can be written solely in terms of atom-atom distances by using the relation
The factor C DDD is a constant, and we employed for the Ar 3 system the value given in Ref. 9 . The inclusion of higher-order 3B interactions 30 produces frequency shifts of the bound states of the Ar 3 of the order of 0.03 cm −1 , 30 namely, one order of magnitude less than the shifts produced by the AT interaction. Hence, we decided to limit our analysis of the effects of the 3B forces to the AT term.
B. The distributed Gaussian functions approach
In this section we briefly review the DGF method, which was introduced by us as an alternative variational treatment to study boson triatomic systems and has been discussed at length in our previous publications. [27] [28] [29] 45 Once the Hamiltonian for the system of three identical particles is expressed in terms of atom-atom coordinates, 27 the total wave function is expanded in terms of products, properly symmetrized, of monodimensional DGF defined along each atom-atom coordinate,
Here, j denotes a collective index such as j = ͑l ഛ m ഛ n͒, for the three identical particles and N lmn is a normalization factor. 27 Each one-dimensional function p is chosen to be a Gaussian function 48 centered at the R p position,
where A p is a parameter defining the width of p ͑Ref. 48͒ which inversely depends on the distance between two neighboring Gaussian functions and on an empirical parameter ␤ which we took to be near to 1͑␤ = 1.05͒. Basically, each j ͑R 1 , R 2 , R 3 ͒ function describes a triangular configuration in such a way that it represents all the possible triangular arrangements ͑according to the exchange of the identical par- ticles͒ formed when the R 1 , R 2 , and R 3 sides are equal to the centers of the Gaussian functions R l , R m , and R n , respectively.
Besides formulating the problem Hamiltonian in its exact form, the use of pair coordinates allows us to obtain several indicators on the spatial behavior of the bound states of the systems ͑see again, e.g., Refs. 27-29 and 45 for a detailed discussion of the capabilities of the method͒. Moreover, it is also possible to assess which are the dominant triangular structures and what is their relative importance in the description of each bound state, thereby providing a useful pictorial description of the latter as we shall illustrate below. Such configurational analysis is carried out, for each bound state k, by means of the pseudoweights ͑PWs͒ P j k of each basis function j , 28, 45 
As discussed at length in the previous papers 28,45 the trimer's bound states can be analyzed in terms of triangular configurations by means of the DGF method. In particular, the functions j ͑R 1 , R 2 , R 3 ͒ ͓Eq. ͑7͔͒ in the expansion of the total wave function of each bound state k can, in fact, be associated with a particular triangular arrangement which has a PW P j k ͓see Eq. ͑9͔͒. The total number of "triangular" functions generated by our basis set can be divided into five families: "flat" isosceles ͑where the two equal distances are shorter than the third one͒, "tall" isosceles ͑with the two equal distances greater than the third one͒, collinear, equilateral, and scalene. The corresponding classification of the different basis functions into each triangular category is done by allowing for a small variation of the length of the sides of the triangles, variation which takes into account the finite width of the Gaussian functions and is chosen to be given by the step ⌬ between two neighboring Gaussian functions. The ⌬ value of our final basis set is equal to 0.23a 0 , and with this step we find that 6.6% of the basis functions describe a flat isosceles configuration, 8.9% tall isosceles, 1.3% collinear, 0.4% equilateral, and finally 82.8% correspond to a scalene arrangement.
Furthermore, the expectation values of different observables can be calculated via the PWs, resorting to the mean value theorem,
where in the integrations involved we have assumed that the magnitude x, depending on the three pair coordinates, has been replaced by a mean value corresponding to the triangular configuration described by the j functions. It has been remarked earlier 33, 49 that this kind of approach might become problematic for states near the isomerization barrier to linearity ͑which corresponds to the energy required to break one of the dimer bonds and can be easily estimated knowing the dimer's ground-state energy͒, because the corresponding eigenfunction amplitudes would be nonzero at the triangle inequality boundaries controlled by the following triangle's inequality relation ͑TIR͒:
We have shown 45 that, by using a more restrictive inequality between the DGF centers, such that only the functions j ͑R 1 , R 2 , R 3 ͒ in Eq. ͑7͒ with ͉R l − R m ͉ Ͻ R n Ͻ R l + R m will belong to the basis set, and with a proper choice of the location of the centers, our approach based on atom-pair coordinates is perfectly capable of accurately describing all the bound states of the trimers, even those lying over the isomerization barrier.
In Ref. 45 we provided a relationship that yields the optimal location of the centers along each atom-atom distance for each given step ⌬ ͑defining the distance between two neighboring Gaussian functions͒. According to that formula, by locating the DGF centers at integer multiples of ⌬ it is possible to render negligible the deviation from the triangle's inequality requirement. In other words, we can choose the 1D Gaussian basis set in Eq. ͑8͒ such that it minimizes the nonphysical nonzero amplitude of the total wave function at the triangle's inequality boundaries.
The largest basis set we use in the present work is given by 73 Gaussian functions, equidistantly located from 5.52a 0 to 22.08a 0 with a step of 0.23a 0 . Such a basis set leads to 56 867 symmetrized basis functions ͓see Eq. ͑6͔͒ and is able to describe the trimer's bound states over the entire spectral range, with the exclusion of those states k which lay very near the dissociation threshold ͑with E threshold − E k Ͻ 2 cm −1 ͒ which are diffuse over nearly 30a 0 and thus require a larger and denser DGF basis set, as we shall further discuss below. We notice here that, if all the possible combinations of three Gaussians out of the chosen 73 were allowed, the appropriate binomial coefficient would produce 67 525 symmetrized basis functions. However, the triangle's inequality requirement of Eq. ͑11͒ discards all the triplets not satisfying the triangular costraint, thus reducing the total number of acceptable basis functions to 56 867. As a control of the triangular requirement costraint, we employed the following operator to estimate the basis set "badness":
͑12͒
This operator can be easily represented in terms of DGF as I͑llЈ,mmЈ,nnЈ͒
where s nn Ј is the overlap of two Gaussian functions centered at R n and R n Ј , erf͑x͒ is the error function and, finally, A nn Ј and R nn Ј † are the width and center, respectively, of the product of two Gaussian functions n n Ј . This integral must be evaluated for each pair of basis functions built as in Eq. ͑7͒.
This expression, together with the coefficients of the total wave function in the chosen basis set, is used to estimate, through the average value ͗W͘, how much the norm ͑equal to unity͒ of the wave function integrated over the entire space differs from the norm, which we call the TIR norm, integrated only over the domain where the TIR is satisfied: with a well-behaving basis set, the TIR norm should be equal to one as well. Furthermore, the smaller ͗W͘ the better the corresponding basis set will reproduce the bound states. For the present system that index never went below 0.98, thus providing a clear assessment of the "goodness" level of the present basis set choice.
III. RESULTS AND DISCUSSION
A. The bound states of Ar 3 with model 2B potentials
In Table III we report the energies of the first 20 bound states of the Ar 3 trimer, calculated with the DGF method and the first two atom-atom potentials discussed in Sec. II A, LJ and Morse, compared with some previously published results.
The first three sets of data are the results of Blume et al., 32 who used the hyperspherical coordinates at different levels of approximation and the LJ potential given in Ref. 31 . In the first column ͑BO-hs͒ we report their BornOppenheimer energies, in the second column ͑Adiab-hs͒ their adiabatic energies and in the third one ͑CAC-hs͒ their coupled-adiabatic channel results which include three channels. The next set of data ͑DVR-DT͒ comes from Leitner et al., 31 who used a DVR with diagonalization-truncation method and the LJ potential ͑notice that the authors expressed their results in unit of ⑀ = 119.4 K; in Table III It is worth noting that such a good accord found for all the reported states with the two potentials also includes those states lying above the isomerization barrier to linearity. By characterizing the bound states obtained for the LJ potential in terms of the triangular arrangements contributing to their description ͓see Eq. ͑9͒ and the relative discussion in the text͔ we find that the collinear arrangements are absent in the first eight states ͑up to k =7͒, acquire some importance in the next bound states, and become the dominant arrangement in the state k = 10. A complete calculation of the total number of J =0 bound states N tot , together with a full characterization of the most excited states, for a system, such as Ar 3 , are not affordable tasks with our computational resources. However, we tried to give an estimate of the degree of convergence of our results and of the expected number of rotationless bound states of Ar 3 , as illustrated in Fig. 2 . In the three panels we report how the energies of different regions of the spectrum vary when the step ⌬ between two neighboring Gaussian functions of the basis set is reduced. The energies here refer to the 2B dissociation threshold ͑corresponding to the loss of one Ar atom and given by the ground-state energy of Ar 2 ͒ taken as the zero of energy. On the left panel of that figure we report the energies for the states from k =15 to k = 20; on the bottom right panel we report the states from k =20 to k =80 ͑selecting, for the sake of clarity, only the states whose k value is a multiple of 10͒ and, finally, on the top right panel of Fig. 2 we report the states with k Ͼ 70. In this last panel we coarsely fitted the energy values with a quadratic function, which gives the general behavior of the high-energy spectrum of the system for each chosen step ⌬: this is the expected behavior due to the presence of anharmonicity. 52 We clearly see, therefore, that Fig. 2 shows how we have reached a high degree of convergence over the whole spectral region: the smallest step ⌬ we used, namely, 0.23a 0 , guarantees an expansion of three to four Gaussian functions for the shortest de Broglie wavelength, in accord with the standard study on bound-state convergence behavior. 43 This could help us to obtain an estimate of N tot of the present system as a function of ⌬ by using a quartic regression, as plotted in Fig. 3 . Extrapolating to the Dirac ␦ function limit ͑⌬ =0͒, we indeed find a plateau which finally suggests a maximum number of 127 for N tot in the LJ case. This seems to us a useful piece of information never, to our knowledge, provided before for this trimer. Moreover, by limiting the fitting with the quartic regression to the points corresponding to the largest four steps ⌬ ͑from 0.5 to 0.35a 0 ͒, we find a very similar function which extrapolates N tot to the same value ͑namely, 127 bound states͒ in the Dirac ␦ function limit. Hence, with a moderate computational effort we can give an estimate of the total number of bound states ͑for J =0͒ supported by the ground PES, at the price of reducing the degree of accuracy attained for the energy values. In any event, by choosing the step ⌬ = 0.35a 0 the convergence of the numerical values of the energy is ensured within 0.1 cm −1 for the first ten values, within 1 cm −1 up to k = 30 and is kept below 2 cm −1 for the highest bound states.
B. Improved bound states of Ar 3 and the role of the 3B forces
In Table IV we report the results relative to the first 60 vibrational energy levels of Ar 3 ͑at zero angular momentum͒ which we obtain using the more accurate TT model to de- scribe the pairwise-additive potential. Such a potential has never been previously used for the calculation of the bound states of Ar 3 . By using the extrapolation procedure suggested in Sec. III A ͑see Fig. 3 and the related text͒ we find a total number of 128 bound states when the TT potential is used.
Besides the energy obtained with the additive 2B PES ͑E k TT ͒, for each state k we report the energy E k TT+pert obtained with the addition of the AT contribution as a perturbation to the zeroth-order energy as follows:
Finally, the energies which are instead obtained when the 3B AT term is included in the potential ͑E k TT+AT ͒ are shown in the fourth and in the last columns of Table IV. All these energies are in cm −1 . Both approaches to include the 3B effect, perturbation and direct inclusion in the total Hamiltonian, reveal that the AT effect never shifts the energy E k TT by more than 1.3%. The largest effect is found for the lower bound states ͑k = 0-6͒ which are expected to be those where the interparticle distances remain smaller. The AT term seems to noticeably decrease for the next states, falling down to the 0.1% of the corresponding E k TT for k = 8 and to even less for k = 9. The net effect is always repulsive, thus increasing the energy, with the exception of the states k = 19, 32 and, within the perturbation scheme, of k = 56.
Even though the 3B effects are very small, the action of the AT operator cannot be fully treated as a perturbation for all the states, as can be seen comparing the third with the fourth column and the seventh with the last column of Table  IV . Differences between energies from a zeroth-order perturbation theory and those obtained from the diagonalization of the Hamiltonian with the TT potential and the AT term are always smaller than 0.5 cm −1 but there seems to be no rule for predicting whether or not E k TT+pert is smaller or larger than E k TT+AT . Given the different origin of these two energies, one possible reason for the discrepancy between E k
TT+pert and E k TT+AT may be the different geometrical nature of the wave functions ⌿ k TT and ⌿ k TT+AT , respectively, associated with them: the validity of the perturbative approach is clearly based on the assumption that the perturber does not change significantly the zeroth-order wave functions ⌿ k TT . To show this in a simple way we estimated the AT contribution due to each single triangular basis function Fig. 4 the computed values of ͑U DDD ͒ j ordered according to the shape of the corresponding triangular basis function and not to the position that the particular j occupies within the basis set: as an example, the first basis function in the collinear family is the 24th of the 56 867 functions constituting our final basis set. The number of the basis functions, N type , which fall within each type of triangular configuration is reported in the corresponding panel. While the tall isosceles and the equilateral basis functions always produce a positive AT term, we see that the collinear arrangements yield a negative AT contribution, usually smaller than the previous ones, while the last two families ͑flat isosceles and scalene͒ show both negative and positive values, with the positive terms larger than the negative ones. For all of the triangular arrangements the values of ͑U DDD ͒ j quickly go to zero for the more extended basis functions, corresponding to high values of the interatomic distances. From a qualitative point of view, this behavior can be explained by looking at the particular triangular geometry and the functional form of the AT operator ͓which depends, in the Ar 3 case, on a positive factor C DDD , see Eq. ͑4͔͒. For instance, in the equilateral and the tall isosceles triangles, the cosines of the three internal angles are always positive; the associated, positive AT terms therefore decrease as the triangle's sides increase. In the collinear arrangement, on the other hand, the product of the three cosines will be negative and classically equal to Ϫ1 ͑in the DGF case, since the triangle's sides are described by the Gaussian functions, there is some flexibility which causes the product of the three cosines not to be equal to unity but only close to it͒. It follows that the AT term will always be negative and its magnitude will depend on the values of the interatomic distances.
It appears now more clearly that, if the perturber changes the geometry in a not negligible way by modifying either the relative percentage contributions of the triangular families or the "size" i.e., the radial averages͒ of a bound state, we can- TT+AT . The change of the weights from collinear structures when the 3B correction is added to the interatomic potential is clearly noticeable in all states presented in the figure, especially for k = 9 and 47, where the presence of collinear arrangements increases around 30% in comparison with the rest of the triangular families, whose populations instead decrease. The opposite effect is found for the states k = 11, 32, and 56, where the inclusion of the AT term yields a marked reduction of the importance of collinear triangles.
More in general, we verified that the discrepancies between the perturbative and the variational approaches are always associated with structural changes in the corresponding wave functions either in the population of the triangular families and/or in the radial averages. On the other hand, for some states, whose geometry is sensibly altered by the AT term, the two approaches give very similar energies: even though ⌿ k TT and ⌿ k TT+AT are quite different, the contributions to the AT term of the individual basis functions sum up to nearly the same quantity. We cannot hence establish a general rule to predict the effect of the AT term on a particular state simply based on the structure of the zeroth-order wave function.
As mentioned before, the perturbative approach seems to work reasonably well for the first seven bound states. Despite the fact that the AT term plays a major role in varying their binding energy obtained with purely 2B interactions, the populations of the different triangular families for such states ͑not shown in Fig. 5 , but see the upper panel of Fig. 6 for the ground state͒ hardly change with the inclusion of the 3B correction. Therefore, marginal modifications of their rotational constants should be expected when the AT term is included, also as previously predicted for the ground state. 23, 24 For that state the geometrical configuration, reported on the top panel of Fig. 6 , does not show any collinear contribution while the other triangular configurations are present with fairly similar weights which leave the equilateral arrangement to be the dominant one: due to the quasiclassical nature of the heavy masses of this system, we might expect the Ar 3 ground state to present a dominance of its equilateral configuration. As already mentioned in the Sec. II B, our classification of the basis functions in terms of the triangular families is done by allowing for a small variation of the length of the triangle's sides, variation which depends on the step ⌬ between two neighboring Gaussian functions. Only if the three sides do not differ by more than ⌬ ͑here taken as equal to 0.23a 0 ͒ the corresponding basis function is classified as equilateral, and only 0.4% of the basis functions fall into the equilateral family. Even so, the 217 equilateral basis functions contribute to the ground state by more than 25%. Although the Ar 3 system behaves somewhat more classically than, e.g., the Ne 3 , 45 it nevertheless still shows floppiness associated with its zero point-energy ͑which is around 15% of the well depth͒. Accordingly, the radial pair distribution function ͑PDF͒ spreads over a few atomic units, as shown by the bottom panel of Fig. 6 . Such range of definition of the PDF for k = 0 involves the need of other arrangements besides the equilateral to properly describe that state. This might appear at odds with the results of our previous work 28 where a population of more than 70% of equilateral configurations for the ground state of Ar 3 was reported. Note, however, that the DGF classification into different families strongly depends on the ⌬ value used: the value of ϳ0.38a 0 in Ref. 28 enabled a larger amount of arrangements to be counted as equilateral triangles. It also depends on the adopted criterium for the triangle unequality which is taken to be stricter in the present work ͓see Eq. ͑11͔͒. Furthermore, the average values of the three atom-atom distances for this state, estimated by means of the PW for each contributing family, show differences among them which are not larger than 0.7a 0 whatever family is considered. This finding is thus fully consistent with an overall equilateral geometry for the Ar 3 ground state.
Regarding the possible influence of the AT term on the geometry of the Ar 3 bound states, our results seem to be consistent with the findings of Ref. 26 . In that work Chakravarty et al. adjusted the strength of the AT potential by means of a single parameter and found that, by increasing such a parameter, they could actually lower the first Ar 3 bound state that shows a clear component of a linear geometry. In this sense, Fig. 5 shows here that the addition of the AT term makes the population of the collinear structures of the k =8 and 9 states to considerably increase. The global effect of this change is that the first bound state with a relevant collinear population once the AT term is included is now k =8 instead of k = 9, as was the case when pure 2B interactions were considered. As mentioned before, for higher excited states the variation of the collinear populations as the 3B forces are added appears to exhibit a more erratic behavior and no simple rule was able to be found.
In Table V we finally compare our findings on the energy levels and frequencies with respect to the ground state ͑k =0͒ with those found in Ref. 23 , where the authors used the HFD-C potential and two different approaches: the hyperspherical harmonic coupled channel ͑HHCC͒ and a basis set method in Jacobi coordinates. To properly compare the results we repeated the calculations with the HFD-C potential and we used a smaller basis set, since only the lowest bound states are needed for the comparison. As the authors noticed in that paper, 23 the method based on the Jacobi coordinates, which was used to estimate the effect of AT term, is satisfactory at least for a few of the lower states. In fact, we also find fairly good agreement between the DGF energy values obtained without the inclusion of the AT term ͑shown in the fourth column͒ and the HHCC results ͑reported in the second column of Table V͒ while, with respect to those obtained with the Jacobi coordinates ͑in the third column͒, the accord begins to deteriorate starting from the k = 3 state. From the fifth to the last columns we further compare the frequencies obtained with and without the inclusion of the AT term, in the columns labeled 3B and 2B, respectively. Since the ground state is the most affected by the 3B effect, all the frequencies appear redshifted once the AT term is included in the calculation. We always obtain a larger effect for the 3B correction than those listed in Ref. 23 , that is to say, the shift towards the red of the DGF frequencies is bigger than found in Ref. 23 .
In Table VI we further compare our results with those of Ref. 30 , where the HFD-B2 potential and a vibrational SCF-CI approach are used. Whereas the energies already begin to differ from the first excited state, the 3B effect on the frequencies is described similarly by the two methods.
To conclude, we compare in Table VII the DGF results obtained with the three potentials TT, HFD-C, and HFD-B2. The last two potentials yield results which are in very good agreement, both for the frequency values and for the 3B corrections ͑the frequencies differ by less than 0.05 cm −1 and the corrections agree within 0.01 cm −1 ͒. The TT potential produces slightly higher frequencies, but the net 3B corrections differ at most by 0.05 cm −1 with respect to what found with the two HFD PESs. Possible experimental measurements of such frequencies could be very useful to confirm the size of the AT effect ͑which we find to be somehow independent of the employed PES͒ and to select the most reliable description for the Ar-Ar interaction.
IV. CONCLUSIONS
In this work we employed the DGF method to study the bound states of the Ar 3 cluster for the zero total angular momentum configuration and to analyze the effect on the energy spectrum of the long-range 3B AT correction. In a previous paper 45 on the more weakly bound cluster Ne 3 we had already discussed at length a procedure which enabled us to choose an optimized DGF basis set and to avoid the pathological behavior that the wave functions can show at the triangle's inequality boundaries in the case of the important presence of collinear arrangements.
In the present work we tested first the reliability of the DGF method, when using the above-mentioned procedure, by comparing our results with those already published on the same system and described by model pair potentials ͑LJ and Morse͒. A very good agreement was found for all the states, independent of their geometrical features. In particular, once an optimized DGF basis set is selected those states with predominant collinear configurations are also accurately described by our method. We also suggest here a way to obtain an estimate of the total number of bound states ͑with J =0͒ for systems, such as Ar 3 , which support many vibrational levels and generally require a very dense and extended basis set to describe the states near the 2B dissociation threshold.
The description of the 2B interaction was improved by employing more accurate atom-atom potentials and by further including the triple-induced-dipole interaction in the potential: to the best of our knowledge, this is the first time that such an analysis is applied to the overall rotationless spectrum of Ar 3 . We found that, even though the inclusion of the AT term shifts the energy levels by no more than 1.3%, the AT effect cannot be treated for all the states as a first-order perturbation. The AT term contribution, with respect to the spectrum obtained when only purely 2B interactions are considered in the molecular potential, pushes up the energy of all levels ͑with the exception of two states͒ as a result of the chiefly repulsive nature of the AT forces in Ar 3 .
As a further effort to clarify the spectral behavior in Ar 3 we have qualitatively related the different AT effects on the various bound states of the system to the spatial features of the wave functions by using the pictorial description afforded by our triangular configurations and thus examining the changes in the geometrical structure induced by the 3B effects. We found that, despite the absence of a general rule to predict global effects, the evidence of the structural changes in the vibrationally excited spectrum of Ar 3 when the AT term is included is clearly manifested. The use of the PWs hence provides useful information to better understand for each bound state the contributions from the different triangular geometries to the global AT correction. Our structural analysis of the Ar trimer bound states is consistent with previous predictions of rather minor modifications of the rotational constants of the ground state 23, 24 and of a relationship between the AT contribution and the appearance of bound states with linear geometries. 26 It would be interesting to further test whether the changes found in this work of the geometries in some of the excited states when the AT term is included could lead to relevant modifications in the overall rotational spectrum of Ar 3 .
In conclusion, the use of the DGF method for such a complex system ͑in terms of its large number of bound states͒ has been shown by the present work to provide a rather efficient and transparent way of describing the spatial features and energy distributions for the full bound spectrum of the Ar trimer when the 3B corrections are added to the more conventional sum of potentials employed to describe the intermolecular forces. 
